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We study the back-reaction of gravitational waves in early universe cosmology, focusing both on
super-Hubble and sub-Hubble modes. Sub-Hubble modes lead to an effective energy density which
scales as radiation. Hence, the relative contribution of such gravitational waves to the total energy
density is constrained by big bang nucleosynthesis. This leads to an upper bound on the tensor
spectral slope nT which also depends on the tensor to scalar ratio r. Super-Hubble modes, on the
other hand, lead to a negative contribution to the effective energy density, and to an equation of
state of curvature. Demanding that the early universe is not dominated by the back-reaction leads
to constraints on the gravitational wave spectral parameters which are derived.
I. INTRODUCTION
Gravitational waves (GW) carry energy and momentum and hence affect the background space-time they propagate
in. This is a basic consequence of the nonlinearity of the Einstein field equations. The effects of gravitational waves
propagating on a given space-time on the space-time itself is called gravitational back-reaction.
A spectrum of primordial gravitational waves is generated [1] in early universe scenarios such as inflationary cosmol-
ogy [2], but also [3] in alternatives such as string gas cosmology [4, 5]. The spectrum is characterized by its amplitude
AT and spectral tilt nT . If k∗ is the comoving wavenumber used as the pivot scale (e.g. the scale of the quadrupole
of the cosmic microwave background (CMB)), then the power spectrum of gravitational waves on scale k is given by
PT (k) = AT (k∗)
(
k
k∗
)nT
. (1)
The amplitude of the gravitational wave spectrum at the pivot scale is related to the observed amplitude of the
spectrum of cosmological perturbations on that scale via the tensor-to-scalar ratio r∗, with the subscript ∗ denoting
that the amplitudes are evaluated at the pivot scale. The current upper bound on the value of r∗ is 0.07 at 95 % C.L. [6].
Even assuming that the amplitude of gravitational waves is close to the current upper bound, the current limits on
the slope nT are weak [7]. It is interesting to explore the possibility that gravitational back-reaction considerations
can lead to improved constraints.
Short wavelength (wavelengths smaller than the Hubble radius) gravitational waves oscillate and have the same
equation of state as radiation. Hence, Big Bang Nucleosynthesis sets an upper bound on the energy in short wavelength
gravitational waves.
The effects of long wavelength (super-Hubble) waves is much less studied. It is sometimes claimed that causality
prevents such modes from having a locally measurable effect (see, e.g., [8]). This, however, is incorrect. First of all,
in all models which yield a solution of the horizon problem of Standard Big Bang Cosmology, and in which a causal
explanation of the origin of structure is possible, the cosmological horizon (the forward light cone of a point at the
time when the initial conditions are imposed) is much larger than the Hubble radius. In the case of inflationary
cosmology, the horizon at the end of the period of inflation has a radius which is larger by a factor of eN than the
Hubble radius, where N is the total number of e-foldings of inflation. Hence there is no causality argument which
prohibits super-Hubble (but sub-horizon) modes from having a back-reaction effect (see e.g. [9] for a discussion of
this point). In fact, since super-Hubble gravitational waves give a non-vanishing contribution to the local effective
energy-momentum tensor, they are able to have a local effect on the background geometry.
There has been more focus on the back-reaction effects of super-Hubble scalar cosmological perturbations (scalar
fluctuations about a homogeneous and isotropic background). If we consider linearized cosmological fluctuations,
then the effective energy-momentum tensor with which these fluctuations back-react on the background metric is
quadratic in the amplitude of the fluctuations. In [10, 11] the form of this effective energy-momentum tensor was
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2derived, and it was shown that the effective energy-momentum tensor of super-Hubble modes has the form of a
negative cosmological constant. This follows from the fact that both spatial and temporal derivative terms in the
effective energy-momentum tensor are suppressed on super-Hubble scales, leaving only terms which act like scalar
field potential energy. Since on super-Hubble scales the negativity of the effective gravitational energy overwhelms
the positivity of the matter energy, the contribution is like that of a negative cosmological constant. This gives rise to
the possibility of a dynamical relaxation mechanism for the cosmological constant (see [12] for a review and [13, 14]
for similar ideas).
The effects of super-Hubble gravitational waves in a de Sitter universe (no matter present) has been considered in
a series of papers by Tsamis and Woodard [15]. They find that at two loop order, long wavelength modes induce
a negative contribution to the cosmological constant and could thus lead to a relaxation of the bare cosmological
constant. On the other hand, in [11] it was shown that in a universe which contains matter and hence scalar metric
perturbations, the super-Hubble modes have an equation of state (mode by mode)
p = −
1
3
ρ , (2)
with p and ρ denoting pressure and energy densities, respectively. This is the equation of state of spatial curvature.
As for scalar metric fluctuations, the sign of the effective energy density is negative.
As first pointed out by Unruh [16], the local observability of back-reaction effects of super-Hubble modes is an
important issue. In fact, it was shown in [17, 18] that for adiabatic cosmological perturbations the back-reaction
effect of super-Hubble modes is equivalent to a second order time translation. On the other hand, in models with a
separate clock field (like the radiation field in our current matter-dominated cosmology) the back-reaction effects of
super-Hubble modes are locally measurable [19], and they correspond to a decrease in the observed Hubble expansion
rate [20]. Locally, the back-reaction of infrared modes manifests itself in a change of the locally measured cosmological
constant and curvature scalar [21].
In a model which contains matter, the physical time t which appears in the Friedmann-Robertson-Walker line
element (see below) is related to the energy density of matter. Matter plays the role of a physical clock, and hence any
effects on the local Hubble expansion rate which we find as a consequence of including long wavelength gravitational
waves is a physical effect and not a gauge artefact.
In this paper we revisit the question of back-reaction effects of gravitational waves in a universe which is dominated
by its matter content. We consider the back-reaction effects of the totality of the modes, both infrared (super-Hubble)
and ultraviolet (sub-Hubble). We study not only a nearly de Sitter phase of expansion, but consider effects in the
radiation and matter periods of Standard Big Bang cosmology, assuming a spectrum of gravitational waves produced
in the early universe. We also study the dependence of our results on the tensor to scalar ratio r and on the spectral
index nT .
What is new in our work concerning super-Hubble modes compared to previous works is that we compute the
magnitude and equation of state of the totality of IR modes. We consider the three phases of the standard inflationary
paradigm of cosmology, namely the de Sitter phase, the radiation phase and the final matter phase, and study the
dependence of the results on the tensor to scalar ratio r and on the tensor tilt nT . Regarding sub-Hubble modes, we
consider the dependence of the results on r and nT and discuss constraints on r and nT which can be derived.
A word on our notation. We use the signature (−,+,+,+) for the metric. Physical time is denoted t, and x are the
spatial comoving coordinates. Greek letters are for space-time indices, Latin ones for space only indices. The scale
factor is denoted a(t), and the Hubble expansion rate by H(t). It is often convenient to work in terms of conformal
time τ related to the physics time t via dt = a(t)dτ . In conformal time, the Hubble expansion rate is denoted by H.
The derivative with respect to conformal time is indicated by a prime.
II. EFFECTIVE ENERGY-MOMENTUM TENSOR OF GRAVITATIONAL WAVES
We will consider a background space-time given by a homogeneous and isotropic metric with scale factor a(t). To
this background we add scalar and tensor metric fluctuations of small amplitude which satisfy the linear fluctuation
equations (see e.g. [22] for an overview of the theory of cosmological perturbations and [23] for a shorter introduction).
Because of the nonlinearities in the Einstein field equations, the resulting metric fails to be a solution of the equations
at second order. In order to have a solution of the Einstein equations at second order, we need to add second order
terms in the metric. These include a correction to the background metric and corrections to the fluctuations. Both
of these are of second order.
As described in [10, 11], the correction to the background metric can be found by inserting the ansatz for the
metric with only linear fluctuations into the Einstein equations, expanding to second order in the amplitude of the
3fluctuations, and then taking the spatial average of the resulting equations to extract the back-reaction effect on the
background metric1. Each Fourier mode of the fluctuations contributes independently to the back-reaction.
The spatial averaging also eliminates any coupling between scalar and tensor metric fluctuations at this order in
perturbation theory. Hence, we can study the back-reaction of scalar and tensor modes separately. Here we will focus
on the back-reaction of the tensor modes. Hence, we can set the scalar fluctuations to zero and consider the metric
ds2 = −a2dτ2 + a2 [γij + hij ] dx
idxj , (3)
where γij is the spatial background metric, and hij is the transverse and traceless tensor of linearized gravitational
waves.
The Einstein tensor at second order can be written as2
δ(2)G00 =
1
a2
[
Hhkmh
′
km +
1
8
h
′kmh
′
km −
1
8
h
′k
kh
′m
m −
1
2
hkm∇2hkm −
1
2
hkmhj j,km
+hkmhj k,mj −
1
4
hm ,km h
,j
kj +
1
8
hm ,km h
j
j,k −
3
8
hkm,jhkm,j
+
1
4
hkm ,k
(
2h ,jmj − h
j
j,m
)
+
1
4
hjk,mhjm,k
]
, (4)
δ(2)G0i =
1
a2
[
1
2
hmk ,mh
′
ki + h
mkh
′
k[i,m] −
1
4
h
′mkhmk,i −
1
4
hk ,jk h
′
ij
]
, (5)
δ(2)Gi0 =
1
a2
[
hijh
′k
[k,j] +
1
4
hk k,jh
′ij −
1
2
h ,jjk h
′ik +
1
4
h
′
jkh
jk,i − hjkh
′k[i,j]
]
,
(6)
δ(2)Gij =
1
a2
δij
[
Hh
′
kmh
km +
1
2
h
′′
kmh
km +
3
8
h
′
kmh
′km −
1
8
h
′k
kh
′m
m
−
1
2
hkm
(
∇2hkm + h
j
j,km − 2h
j
(k,m)j
)
−
3
8
hkm,jhkm,j
−
1
8
hm ,km
(
2h,jkj − h
j
j,k
)
+
1
4
hkm ,k
(
2h ,jmj − h
j
j,m
)
+
1
4
hjk,mhjm,k
]
+
1
a2
[
−Hhikh
′
kj −
1
2
hikh
′′
kj −
1
2
h
′ikh
′
kj +
1
4
h
′k
kh
′i
j +
1
4
hkm,ihkm,j
+
1
2
hikhmm,kj +
1
2
hm ,km h
(i
k,j) −
1
4
hm ,km h
i
j,k
+
1
2
hkm
(
h ,ikm ,j + h
i
j,km − 2h
(i
m,j)k
)
−
1
2
hkm,k
(
2h
(i
m ,j) − h
i
j,m
)
+hi[k,m]hkj,m − h
ikhm(k,j)m +
1
2
hik∇2hkj
]
. (7)
These expressions can be simplified by using the transverse and traceless condition ∂ihij = h
i
i = 0 on the gravitational
1 As described in [24], the back-reaction on the fluctuation mode with wavenumber k can be determined similarly, with an integration
against exp(ikx) replacing the spatial averaging.
2 The Einstein tensor including scalar, vector and tensor perturbations up to second order is given in [25] although the first-order vector
and tensor perturbations are neglected there.
4wave tensor. Then, the Einstein tensor simplifies to
δ(2)G00 =
1
a2
[
Hhkmh
′
km +
1
8
h
′kmh
′
km +
1
8
hkm,jhkm,j −
1
2
∂j
(
hkmhkm,j
)
+
1
4
∂k
(
hjk,mhjm
)]
, (8)
δ(2)G0i =
1
a2
[
hmkh
′
k[i,m] −
1
4
h
′mkhmk,i
]
, (9)
δ(2)Gi0 =
1
a2
[
1
4
h
′
jkh
jk,i − hjkh
′k[i,j]
]
, (10)
δ(2)Gij =
1
a2
δij
[
Hh
′
kmh
km +
1
2
h
′′
kmh
km +
3
8
h
′
kmh
′km
−
1
2
∂j
(
hkmhkm
)
+
1
2
hkm,jhkm,j −
3
8
hkm,jhkm,j +
1
4
∂m
(
hjkhjm,k
)]
+
1
a2
[
−Hhikh
′
kj −
1
2
hikh
′′
kj −
1
2
h
′ikh
′
kj +
1
4
hkm,ihkm,j
+
1
2
∂j
(
hkmh ,ikm
)
−
1
2
hkm,jh
,i
km +
1
2
∂m
(
hkmhij,k
)
−∂k
(
hkmh
(i
m ,j)
)
−
1
2
∂m
(
him,khkj
)
+
1
2
∂m
(
hikhkj,m
)]
. (11)
The spatial average of a quantity A is obtained by integrating over the constant time hypersurface and dividing by
the spatial volume V [11]:
〈A〉 ≡
1
V
lim
V→∞
∫
AdV. (12)
Note that in the presence of matter, this hypersurface has a physical meaning: it is the surface of constant matter
energy density.
Thus, denoting spatial averages by pointed parentheses, the spatially averaged Einstein tensors become〈
δ(2)G00
〉
=
1
a2
[
H
〈
hkmh
′
km
〉
+
1
8
〈
h
′kmh
′
km
〉
+
1
8
〈
hkm,jhkm,j
〉]
, (13)
〈
δ(2)G0i
〉
=
1
a2
[〈
hmkh
′
k[i,m]
〉
−
1
4
〈
h
′mkhmk,i
〉]
, (14)
〈
δ(2)Gi0
〉
=
1
a2
[
1
4
〈
h
′
jkh
jk,i
〉
−
〈
hjkh
′k[i,j]
〉]
, (15)
〈
δ(2)Gij
〉
=
1
a2
δij
[
3
8
〈
h
′
kmh
′km
〉
−
3
8
〈
hkm,nhkm,n
〉]
+
1
a2
[
−
1
2
〈
h
′ikh
′
kj
〉
−
1
4
〈
hkm,ihkm,j
〉
+
1
2
〈
hik,mhkj,m
〉]
, (16)
where the terms with a total derivative have been dropped since we are taking a spatial average. In addition, we have
also used the equation of motion for hij :
h
′′
ij + 2Hh
′
ij −∇
2hij = 0. (17)
Taking the above correction terms to the Einstein tensor to the matter side of the cosmological equations, we can
read off the effective energy density and effective pressure of gravitational waves. The energy density is
ρGW =
1
8πG
δG00 =
1
8πGa2
(
1
8
〈
(h′ij)
2
〉
+
1
8
〈
(∇hij)
2
〉
+H
〈
hijh′ij
〉)
, (18)
and the pressure is given by [11]
pGW =
1
3
1
8πG
Gii +
1
3H
〈
(2)Γαα0
〉
(ρ(0) + p(0))
=
1
3
1
8πGa2
(
−
5
8
〈
(h′ij)
2
〉
+
7
8
〈
(∇hij)
2
〉)
−
1
3H
〈
(2)Γαα0
〉
(ρ(0) + p(0))
=
1
3
1
8πGa2
(
−
5
8
〈
(h′ij)
2
〉
+
7
8
〈
(∇hij)
2
〉)
+
1
2
1
8πGa2
H
(
1 + w(0)
) 〈
hijh′ij
〉
. (19)
5Here w(0) is the equation of state parameter for the cosmological background (i.e., ρ(0) + p(0) = ρ(0)(1 + w(0))). In
the last equality, we have used the fact that
〈
(2)Γαα0
〉
= −
1
2
〈
hijh′ij
〉
, (20)
and the Friedmann equation
H2 =
H2
a2
=
8πG
3
ρ(0). (21)
Now we work in Fourier space. One can expand hij(τ,x) as follows:
hij(τ,x) =
∑
λ=+,×
∫
dk3
(2π)3
ǫλij(k)h
λ
k
(τ)eik·x, (22)
where ǫλij is the polarization tensor which is symmetric in i and j. It also satisfies the transverse-traceless condition
and the normalization condition ∑
i,j
〈
ǫλij(k)ǫ
λ′
ij (k
′)
〉
= 2δλλ
′
δ(3)(k − k′). (23)
In Fourier space, the equation of motion for the gravitational waves is
h
′′
k
+ 2Hh
′
k
+ k2hk = 0. (24)
By substituting the expansion given in Eq. (22), the energy density and pressure of gravitational waves can be
written as
ρ
(tot)
GW =
1
8πGa2
∑
λ
∫
dk
k
k3
π2
ρ˜GW(k), (25)
p
(tot)
GW =
1
8πGa2
∑
λ
∫
dk
k
k3
π2
p˜GW(k), (26)
where ρ˜GW(k) and p˜GW(k) are given by
ρ˜GW(k) =
1
8
〈
|h
′λ
k |
2
〉
+
1
8
k2
〈
|hλk|
2
〉
+H
〈
h
′λ
k h
λ∗
k
〉
, (27)
p˜GW(k) = −
5
24
〈
|h
′λ
k |
2
〉
+
7
24
k2
〈
|hλk|
2
〉
+
3
4
H
(
1 + w(0)
)〈
h
′λ
k h
λ∗
k
〉
. (28)
Assuming that the initial amplitude of hλ
k
is Aλk , then at any later time h
λ
k
can be written as
hλk = A
λ
kf(τ, k) , (29)
with f(τ, k) being the function which describes the time evolution of hk and equals to unity at the initial time. The
primordial GW spectrum (GW spectrum at the initial time) is given by
Pprim(k) =
∑
λ
k3
π2
|Aλk |
2 . (30)
Then, the total energy density ρ
(tot)
GW and pressure p
(tot)
GW in gravitational waves can be rewritten in terms of the
primordial spectrum as
ρ
(tot)
GW =
1
8πGa2
∫
dk
k
ρ˜GW(k)
|Aλk |
2
Pprim(k), (31)
p
(tot)
GW =
1
8πGa2
∫
dk
k
p˜GW(k)
|Aλk |
2
Pprim(k). (32)
6In the following we will assume that both polarization states have the same amplitude, and we will drop the superscript
λ on the mode amplitude Ak.
As we will show in the next section, for sub-Hubble modes the averages of the temporal and spatial gradient terms
becomes the same and the terms proportional to the Hubble parameter are negligible. In this case, the energy density
ρGW and the pressure pGW can be written as
ρGW =
1
4 · 8πGa2
〈
(∇hij)
2
〉
, (33)
pGW =
1
3 · 4 · 8πGa2
〈
(∇hij)
2
〉
, (34)
which gives the expected equation of state
pGW =
1
3
ρGW (35)
of radiation.
III. EVOLUTION OF THE AMPLITUDE OF GRAVITATIONAL WAVES
Let us now briefly review the evolution of the amplitude hk of the Fourier space gravitational wave modes. We
consider three phases: an initial de Sitter phase which generates the large-scale tensor modes, a subsequent radiation
(RD) phase and a final matter (MD) phase.
The equation of motion (EOM) for hk is
h
′′
k + 2Hh
′
k + k
2hk = 0. (36)
Since H is
H = −
1
τ
(de Sitter), H =
1
τ
(RD), H =
2
τ
(MD), (37)
one can introduce x ≡ kτ and Eq. (36) can be rewritten as
d2hk
dx2
+
2A
x
dhk
dx
+ k2hk = 0, (38)
where A = τH.
We now look at the solutions in the three periods. First, in the de Sitter period, the EOM is
d2hk
dx2
−
2
x
dhk
dx
+ k2hk = 0, (39)
whose general solution is given by
hk = C1x
(
−
cosx
x
− sinx
)
+ C2x
(
− cosx+
sinx
x
)
. (40)
Note that in the de Sitter phase τ is negative, and it tends towards 0 at the end of the phase, the time when we want
to define the primordial spectrum. Thus we require that
hk → Ak(= const.) for x(= kτ)→ 0. (41)
By expanding Eq. (40) around x = 0, we get
h = −C1 −
1
2
C1x
2 +
1
6
C2x
3 + · · · . (42)
To satisfy the condition Eq. (41), one should have C1 = −Ak. Hence the long wavelength solution in de Sitter
background can be written as
hk = Ak
(
1 +
1
2
(kτ)2 + · · ·
)
, (43)
7which is the same as the one obtained in [11].
In the RD era the EOM becomes
d2hk
dx2
+
2
x
dhk
dx
+ k2hk = 0 , (44)
whose general solution is given by
hk = C1
e−ix
x
+ C2
eix
x
. (45)
The small x expansion of hk is
hk =
1
x
(C1 + C2)− i (C1 − C2) +
1
2
(−C1 − C2)x+
i
6
(C1 − C2)x
2 + · · · . (46)
We are only interested in modes which are super-Hubble at the end of the de Sitter phase (and therefore at the
beginning of the radiation phase). The initial conditions for C1 and C2 are hence given by taking the limit x→ 0 and
equating with Eq. (41). We find
C1 = −C2 =
i
2
Ak. (47)
Therefore the long wavelength solution can be given by
hk = Ak
(
1−
1
6
(kτ)2 + · · ·
)
, (48)
which is again the same as the one obtained in [11].
The full solution in RD era can be given by (making use of Eq. (47))
hk =
sinx
x
Ak, (49)
which can then also be used for the small wavelength region.
The EOM in the MD era takes the form
d2hk
dx2
+
4
x
dhk
dx
+ k2hk = 0 , (50)
and its general solution is
hk =
C1
x2
(
−
cosx
x
− sinx
)
+
C2
x2
(
− cosx+
sinx
x
)
. (51)
The small x expansion of Eq. (51) reads
hk = −
C1
x3
−
C1
2x
+
C2
3
+
C1
8
x−
C2
30
x2 + · · · . (52)
From condition Eq. (41), we can obtain
C1 = 0, C2 = 3Ak , (53)
and therefore the full solution is
hk =
3Ak
x2
(
− cosx+
sinx
x
)
. (54)
In the long wavelength limit, hk is given by
hk = Ak
(
1−
1
10
(kτ)2 + · · ·
)
. (55)
8In the short wavelength limit where kτ ≫ 1, we have
hk = −3Ak
cosx
x2
. (56)
These equations will be used in the following to compute the back-reaction effect of both short and long wavelength
gravitational waves. At quadratic order in the amplitude of fluctuations, each Fourier mode contributes independently
to the energy density and pressure of back-reaction. Hence, the contributions of long (super-Hubble) and short (sub-
Hubble) modes add up. We can write the total energy density of back-reaction as
ρ
(tot)
GW =
1
8πGa2
(∫ khor
kmin
+
∫ kmax
khor
)
dk
k
ρ˜GW(k)
|Ak|2
Pprim(k), (57)
where khor = aH corresponds to the Hubble radius at the time of Hubble radius entry of the mode k. kmin is an
infrared cutoff, and kmax an ultraviolet cutoff.
If we have in mind fluctuations which are generated during an early phase of inflation, then kmax should be taken to
correspond to the Hubble radius at the end of inflation (and hence is given by the energy scale at the end of inflation)
since modes with k > kmax were always vacuum fluctuations, were never squeezed and did not become classical
3.
Stated differently, the effect of modes with k > kmax vanishes upon renormalization.
In the same context, one could consider the infrared cutoff to be given by the Hubble scale at the beginning of
inflation. This is a physical choice and it simply means that we will not be considering the effects of modes for which
the early inflationary phase makes no predictions.
IV. EFFECTS OF SUPER-HUBBLE MODES
For super-Hubble fluctuations, the kinetic energy contribution to the energy density and pressure is of order k4 and
hence negligible. The contributions of the spatial gradient term and the term proportional to H are both of the same
order of magnitude. Inserting the expressions for H from Eq. (37) and for the long wavelength limits of hk from the
previous section, one easily obtains
ρ˜GW(k) = −
7
8
k2
〈
|A2k|
〉
(de Sitter), (58)
ρ˜GW(k) = −
5
24
k2
〈
|A2k|
〉
(RD), (59)
ρ˜GW(k) = −
11
40
k2
〈
|A2k|
〉
(MD). (60)
In all of these cases, the pressure is given by
p˜GW(k) = −
1
3
ρ˜GW(k) , (61)
in agreement with what was derived in [11].
Note that the induced energy density of super-Hubble gravitational waves is negative. This is true in all three
cosmological phases. Also, in all three phases the equation of state is that of curvature. Hence, we conclude that
the effects of gravitational waves lead to a change in the locally measured energy density of spatial curvature. This
contrasts to the back-reaction effect of super-Hubble scalar cosmological perturbations for which the equation of state
is that of a negative cosmological constant [10, 11]. For a discussion of the physical measurability of this effect see
e.g. [21].
Let us now consider the effects of the totality of all super-Hubble modes during the various phases. We will use the
conventional notation for the power spectrum of gravitational waves
Pprim(k) = AT (k∗)
(
k
k∗
)nT
, (62)
3 See e.g. [26, 27] for a discussion of the classicalization of cosmological perturbations.
9where k∗ is the pivot scale at which the tensor spectrum is normalized, AT (k∗) is the amplitude of the power spectrum
at that scale (in the following we will drop the argument on AT ), and nT is the tensor spectral index.
To simplify the notation, we write
ρ˜GW(k) = −Ck
2
〈
|A2k|
〉
(63)
where the constant C takes on various (positive) values in each of the three phases we analyze (see Eq. (58)).
The general expression for the energy density in the totality of super-Hubble modes is
ρ
(IR)
GW (t) =
1
8πGa2
∫ khor
kmin
dk
k
ρ˜GW(k)
|Aλk |
2
Pprim(k), (64)
Inserting the expressions Eqs. (62) and (63) into Eq. (64) we see that as long as nT > −2, the integral over k-modes
gives
ρ
(IR)
GW (t) = −
k2hor
8πGa2
CAT
2 + nT
[(
khor
k∗
)nT
−
(
kmin
khor
)2 (
kmin
k∗
)nT ]
= −
ρc(t)
3
CAT
2 + nT
[(
khor
k∗
)nT
−
(
kmin
khor
)2(
kmin
k∗
)nT ]
,
(65)
where we have used khor = H(t)a(t) and the Friedmann equation. ρc(t) is the critical background energy density at
time t. The value of ρ
(IR)
GW is suppressed compared to the background energy density by the factor AT as should be
expected since the back-reaction effect is quadratic in the amplitude of the fluctuations and there is no secular growth
as there is in the case of the back-reaction contribution of scalar metric fluctuations.
If the context of inflation with matter which satisfies the usual energy conditions, the spectrum of gravitational
waves must be red, i.e. nT < 0. In this case, the value of ρ
(IR)
GW increases as we go back in time. Hence, from Eq. (65)
we can derive an upper bound on the number of e-foldings of inflation. This comes from demanding that at the
beginning of what we want the period of inflation to be, the energy density in long wavelength gravitational waves
must be subdominant, i.e.
ρ
(IR)
GW (ti) ≪
H2(ti)
G
, (66)
or equivalently
AT
(
khor(ti)
k∗
)nT
≪ 1 , (67)
where ti is the initial time. Via the value of AT , this bound will depend on the tensor to scalar ratio. Since the
amplitude of the tensor modes is set in inflationary cosmology by the value of H , the above requirement is essentially
equivalent to demanding that at the beginning of inflation H is smaller than the Planck mass.
If the spectrum were blue (i.e. nT > 0), as can be realized in Galileon inflation [28], then the condition
ρ
(IR)
GW (tR) ≪
H2(tR)
G
, (68)
where tR corresponds to the end of inflation (reheating), sets an upper bound on the value of nT (which, however, is
similar to the requirement that the fluctuations which exit the Hubble radius at the end of inflation are still in the
perturbative regime).
In both the radiation and matter phases, the general expression (64) also yields
ρ
(IR)
GW ∼ −ATρc(t)
(
khor(t)
k∗
)nT
, (69)
where it is only the time dependence of khor(t) which is different. Note that in these phases, khor(t) is decreasing
as time increases. Hence, for nT < 0 the relative contribution of gravitational waves to the energy density increases
in time (because modes with larger value of the gravitational wave spectrum are entering the Hubble radius later).
However, since the pivot scale for the gravitational wave spectrum is typically taken to be within the linear regime
for cosmological perturbations, i.e. cosmological scale, the enhancement factor
(khor(t)
k∗
)nT
can never become large.
10
For nT > 0, on the other hand, the relative importance of the effective energy density of gravitational waves
increases as we go back in time (again because in this case it is at earlier times that modes with a higher amplitude
of the spectrum are entering the Hubble radius). There is then a constraint on nT which reads:
AT
(
khor(tR)
k∗
)nT
≪ 1 , (70)
where, as before tR is the beginning of the radiation phase. Note that this constraint applies to all models of early
universe cosmology, in particular to the Ekpyrotic scenario [29] and to Pre-Big-Bang cosmology [30] which predict blue
spectra of the tensor modes with nT = 2 in the case of the Ekpyrotic scenario and nT = 3 in the case of Pre-Big-Bang
cosmology. String gas cosmology also produces a blue spectrum [3], but with a very small spectral index nT .
Let us now study these constraints in more detail, referring back to Eq. (65). First we investigate the backreaction
in de Sitter phase. During de Sitter phase, the range of khor is kinit < khor < kR where kinit and kR are the
modes which exited the Hubble radius at the beginning and the end of inflation, respectively. Here we assume
instantaneous reheating and hence that the end of inflation and the time of reheating are identical. Therefore we
label the wavenumber corresponding to the end of inflation as kR. Assuming that the evolution of H during inflation
is described by4
nT = −2ǫ = 2
H˙
H2
= 2
1
H
dH
dN
, (71)
kinit/k∗ can be written as
kinit
k∗
=
ainitHinit
a∗H∗
= exp
[
−
1
2
(2 + nT ) (Ntot −N∗)
]
(72)
where H∗ is the Hubble rate at the time when the mode k∗ exited the Hubble radius during inflation and Ntot is the
total number of e-folds during inflation. N∗ is the number of e-foldings counted backwards from the end of inflation
to the time when the pivot scale k∗ exited the Hubble radius. On the other hand, the ratio kR/k∗ can be given by
kR
k∗
=
aendHend
a∗H∗
= eN∗
H∗e
nTN∗/2
H∗
= exp
[
1
2
(nT + 2)N∗
]
. (73)
As shown in the following, we can obtain a bound for Ntot by requiring that |ρ
(IR)
GW | < ρc when nT < 0. We rewrite
Eq. (65) as follows:
ρ
(IR)
GW (t) = −
ρc(t)
3
7
8
AT
2 + nT
(
kmin
k∗
)nT [( khor
kmin
)nT
−
(
kmin
khor
)2]
≡ −
ρc(t)
3
7
8
AT
2 + nT
(
kmin
k∗
)nT
f (y) , (74)
where y = khor/kmin with kmin = kinit and we have defined a function f(y) = y
nT − y−2. When nT < 0, f(y) becomes
the largest at ymax = (−2/nT )
1/(2+nT )
(
= (2/|nT |)
1/(2−|nT |)
)
and its maximum value is given by
fmax(ymax) = −
1
nT
(2 + nT )
(
−nT
2
)2/(2+nT )
=
1
|nT |
(2 − |nT |)
(
|nT |
2
)2/(2−|nT |)
. (75)
Since (kmin/k∗)
nT in Eq. (74) depends on Ntot and gets larger as Ntot increases, we can obtain an upper bound on Ntot
by requiring that |ρ
(IR)
GW | does not exceed the background energy density ρc. In Fig. 1, we show the region satisfying
|ρ
(IR)
GW | < ρc at y = ymax in the nT –Ntot plane. Interestingly, depending on the value of nT , the total number of e-folds
during inflation is constrained. The dependence of the total number of e-foldings of inflation is proportional to |nT |
−1
and to the logarithm of the amplitude of tensor modes. As nT varies in the range −10
−1 . nT . −10
−2, the bound
on Ntot increases from Ntot = O(300) to Ntot = O(3000).
Next we discuss the cases with RD and MD phases. In these phases, khor is in the range keq < khor < kR in the RD
phase and k0 < khor < keq in the MD phase, where kR, keq and k0 are the wavenumbers of the modes crossing the
4 Notice that this formula is applicable for the slow-roll inflation model, and hence, strictly speaking, it cannot be adopted to alternative
scenarios like the Ekpyrotic model [29], Pre-Big-Bang cosmology [30], and string gas cosmology [3].
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FIG. 1: Region with |ρ
(IR)
GW | < ρc at y = ymax is shown for r = 10
−6 (green) and r = 10−2 (yellow). N∗ = 60 is assumed in this
figure. The shaded regions are the allowed ones.
Hubble radius at the time of reheating, the radiation-matter equality and the present time, respectively5. Therefore,
in these phases, the contribution from the 2nd term in RHS of Eq. (65) is negligible compared to the 1st term since
kmin ≪ kR, keq, k0, which allows us to approximate the result as
ρ
(IR)
GW (t) ≃ −
ρc(t)
3
CAT
2 + nT
(
khor
k∗
)nT
, (76)
For the case nT > 0 (< 0), ρ
(IR)
GW becomes maximal when khor takes the largest (smallest) possible value in the phase
in consideration. In the RD phase, the maximum (minimum) value of khor is khor = kR (keq). In the MD phase, the
maximum (minimum) value is khor = keq (k0).
To evaluate ρ
(IR)
GW , we need to know that the ratios keq/k∗ and k0/k∗ are given by
keq
k∗
=
(
g∗(teq)
g∗(tR)
)1/2(
g∗s(tR)
g∗s(teq)
)1/3
Teq
TR
, (77)
k0
k∗
=
(
g∗s(tR)
g∗s(t0)
)1/3
TR
T0
H0
HR
, (78)
where we have used entropy conservation, g∗(t) is the effective number of degrees of freedom at time t, and g∗s(t) is
its entropic counterpart. Teq and Tend are given respectively by
Teq =
(
30ρcrit
π2g∗(teq)
Ωr
)1/4
Ωm
Ωr
, (79)
TR =
(
90
π2g∗(tend)
)1/4√
HRMpl . (80)
5 Here we neglect the dark energy dominated phase in the late Universe.
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The Hubble rate at the reheating HR can be related to H∗ by using Eq. (71) and written as
HR = H∗ exp
[nT
2
N∗
]
. (81)
By requiring that the backreaction ρ
(IR)
GW should not dominate over the background energy density ρc(t), some
parameter regions in the r-nT plane can be excluded. In Fig. 2, we show the region satisfying
∣∣∣ρ(IR)GW ∣∣∣ < ρc in the
r–nT plane for the case of the RD phase. The purple and green regions are allowed given two different assumptions
regarding the evolution of H during inflation. The purple region in Fig. 2 is calculated by taking account of the
evolution of H by adopting Eq. (71). As already mentioned, Eq. (71) may only be valid for slow-roll inflation model.
Therefore we also consider the case where H is assumed to be constant during inflation, and the corresponding allowed
region is shown in green in the figure. As seen from the figure, when we assume that H is constant, the constraint is
less severe, especially in the region of red tilt. However, values of nT corresponding to a blue tilt are relatively well
constrained in both of these cases.
The same argument also applies for the MD case. Its constraints on r and nT are almost the same as the one
obtained for the RD case, and hence we do not show the plot here. However, we note that, for the blue-tilted
spectrum, the bound is not as severe compared to the RD case. On the other hand, for values of nT < 0 (red tilt),
the constraint is slightly more stringent than in the RD case.
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FIG. 2: The shaded regions in the r–nT plane are those allowed from the constraint
∣∣∣ρ(IR)GW
∣∣∣ /ρc < 1 considering super-Hubble
fluctuations. The analysis is for the RD phase. The case assuming an evolution of H during inflation according to Eq. (71) is
shown in purple. On the other hand, the case where we assume that H is constant during inflation is shown in green. N∗ = 60
is assumed in this figure.
V. EFFECTS OF SUB-HUBBLE MODES
We now turn to the discussion of the effects of sub-Hubble modes. We focus on the radiation and matter epochs.
Note that in an early de Sitter phase the sub-Hubble modes are in their vacuum state and hence yield no back-reaction
effects.
The general expression for the energy density in the totality of sub-Hubble modes is
ρ
(UV)
GW =
1
8πGa2
∫ kmax
khor
dk
k
ρGW(k)
|Ak|2
Pprim(k), (82)
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Inserting the expression (62) for the power spectrum and the short wavelength solutions of the mode functions hk
into the general expression (27), we obtain, for RD epoch
ρ
(UV)
GW (t) =
1
8πG
(aref
a
)4
H2ref
AT (k∗)
8
log
(
kmax
khor
)
(for nT = 0) , (83)
=
1
8πG
(aref
a
)4
H2ref
1
nT
AT (k∗)
8
[(
kmax
k∗
)nT
−
(
khor
k∗
)nT ]
(for nT 6= 0) , (84)
where aref is the value of the scale factor at some reference time, and Href is the Hubble rate at that time. Expressing
the result in terms of the critical energy density ρc(t) this becomes
ρ
(UV)
GW (t) =
1
3
ρc(t)
AT (k∗)
8
log
(
kmax
khor
)
(for nT = 0) , (85)
=
1
3
ρc(t)
AT (k∗)
8nT
[(
kmax
k∗
)nT
−
(
khor
k∗
)nT ]
(for nT 6= 0) , (86)
As expected, this energy density is positive and scales as radiation. For nT > 0 the shortest wavelength modes
dominate the contribution, and the relative contribution of gravitational waves to the energy density is (modulo sub-
dominant terms) constant in time. On the other hand, for nT < 0, the contribution of short wavelength gravitational
waves to the total energy density grows in time since khor(t) is a decreasing function of time. In either case, ρ
(UV)
GW
takes the largest value for kmax = kR and khor = keq.
10-8 10-7 10-6 10-5 10-4 10-3 10-2 10-1
r
-2
-1.5
-1
-0.5
 0
 0.5
 1
 1.5
 2
n
T
FIG. 3: The shaded regions in the r–nT plane are those allowed from the constraint ΩGW
(
=
∣∣∣ρ(IR)GW
∣∣∣ /ρc
)
< 1.5 × 10−5 for
short wavelength modes in the RD phase. The case assuming an evolution of H during inflation according to Eq. (71) is shown
in purple. On the other hand, the case where we assume that H is constant during inflation is shown in green. N∗ = 60 is
assumed in this figure.
Short wavelength gravitational waves contribute to the effective number of degrees of freedom of radiation. Nu-
cleosynthesis constrains this number quite tightly (see e.g. [31] for a review). The nucleosynthesis constraint on the
relative contribution ΩGW is
6
ΩGW < 1.5× 10
−5 . (88)
6 The upper bound on ΩGW from the nucleosynthesis can be written as [31]
ΩGWh
2
≤ 5.6× 10−6(Neff − 3) , (87)
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In Fig. 3, we show the region of ρ
(UV)
GW < 1.5× 10
−5ρc by taking kmax = kR and khor = keq. In particular, the bound
on the tilt of the tensor spectrum becomes
nT < 0.2 (89)
if the tensor to scalar ratio is taken to be r = 10−1. This is consistent with the result in the first reference of [7],
where a value of r ∼ 1 was used and the UV cutoff was taken to be at the Planck scale. Like in the case for super-
Hubble modes, when the evolution of the Hubble parameter during inflation is taken into account by using Eq. (71),
a red-tilted spectrum can also be constrained as nT & −1.1 for r ∼ 0.01.
As discussed in [7], the current limits on the tilt nT from other searches for gravitational waves such as direct
detection experiments (LIGO) or pulsar timing arrays yield weaker bounds on nT since these experiments are less
sensitive to the high frequency waves which dominate for positive values of the tilt.
Next we look at the case in the MD phase. Assuming that nT < 2, we obtain
ρ
(UV)
GW =
1
8πG
a6RH
4
R
a4k2∗
9
8 · 16
1
2− nT
AT (k∗)
4
[(
kmax
k∗
)nT−2
−
(
khor
k∗
)nT−2]
=
ρc(t)
3
9
8 · 16
AT (k∗)
2− nT
[(
khor
k∗
)nT
−
(
khor
kmax
)2(
kmax
k∗
)nT ]
. (90)
We can also constrain nT and r by using the same argument as for the RD case. In fact, for the MD case, when
nT > 0, ρ
(UV)
GW gets largest for khor = keq. On the other hand, when nT < 0, the case of khor = k0 gives the maximum
value of ρ
(UV)
GW . Therefore, to get a constraint on nT and r, we take khor = keq and k0 for nT > 0 and < 0, respectively.
Since the constraint on nT and r from the MD case is similar to the one from the RD case, we do not show the plot
here.
VI. CONCLUSIONS AND DISCUSSION
In this paper we have re-visited the back-reaction effects of sub- and super-Hubble modes of gravitational waves
on the background cosmology. In agreement with previous works [11] we find that super-Hubble induce a negative
energy density and have an equation of state which corresponds to curvature. We find that if the tensor spectrum is
blue (i.e. nT > 0), then by demanding that the energy density in the early universe is not dominated by curvature
leads to some constraints. In the case of an inflationary universe, it leads to a constraint on the total number of
e-foldings which depends on the value of nT (see (67)), and in the case of the radiation phase it leads to a constraint
on the tensor index nT which depends on the energy scale at the beginning of the radiation phase (see (70)). In both
cases, the bounds depend on the tensor to scalar ratio at the pivot scale k∗.
The energy density in sub-Hubble gravitational waves (which behave like normal radiation) is constrained by the
nucleosynthesis bound (88). If the tensor spectrum is blue, this leads to constraints of the gravitational wave spectrum
parameters r and nT which are given by Eq. (85) and depicted graphically in Figure 3. When the evolution of the
Hubble parameter during inflation is taken into account (see Eq. (71)), which is the case for usual slow-roll inflationary
models, we can also obtain a lower bound on nT from the the above argument (see Figs. 2 and 3).
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